Molecular alignment and molecular optics in moderately intense, far-off resonance laser fields have been the topic of intensive research during the past decade. Nonetheless, two qualitatively different forms of the interaction Hamiltonian that underlies these and related strong field manipulation methods have been consistently applied in theoretical and numerical studies. Using a generalization of the (t, t ) method, we derive the effective interaction Hamiltonian and prove that one form holds when the laser frequency is larger than the molecular rotational frequencies and the duration of the laser pulse is sufficiently large, while the other form holds only in the adiabatic limit when the laser frequency is smaller than the rotational ones and the field can be considered as a static field with slowly varying strength. Only the first form is applicable to the study of alignment of molecules by lasers.
trapping [10] , molecular optics [6, 7, [11] [12] [13] and Stark shift manipulation of potential energy surfaces [14] . Surprisingly, two qualitatively different forms of the induced dipole Hamiltonian appear in the theoretical literature of intense laser alignment. The Hamiltonian,
has been derived [15] in a more general context using a wave packet approach that extends earlier studies of related phenomena in atoms [16] . In equation (1) ρ, ρ = x, y, z are the space-fixed Cartesian coordinates, ε ρ are the Cartesian components of the field, α is the polarizability tensor and µ ind defines an induced dipole operator. In terms of the body-fixed Cartesian coordinates, k = X, Y, Z, the polarizability tensor takes the form,
where |kρ are elements of the transformation matrix between the space-fixed and body-fixed frames. The time dependence of the laser field has been separated in equation (1) into a slowly varying envelope and a rapidly oscillating component as
where ε(t) =εε(t),ε is a unit vector in the field polarization direction, ε(t) is an envelope function and ω is the central frequency.
In the specific case of a linearly polarized field and a linear molecule, equation (1) reduces to the familiar form,
where α and α ⊥ are the components of the polarizability tensor parallel and perpendicular to the molecular axis, respectively,
While equation (4) has been used in part of vast literature on alignment of linear molecules by linearly polarized laser pulses, one can find in the literature a use of a similar form, where, however, the complete electric field √ (2)E(t) replaces the slowly varying pulse envelope ε(t) in the interaction term. Compare for example equation (7) in [17] and equation (2) in [10] with equation (4) given above. As we show here the expression used in [17] and in [10] is obtained when the oscillating laser field is considered as a static field with an adiabatic slowly time varying dc-field strength parameter. It thus holds if the laser frequency is small with respect to all nuclear motion frequencies (the rotational frequencies if slower motions are neglected). More details are provided in [18] .
In the present work we re-derive the form of the induced Hamiltonian using a qualitatively different approach than that used in previous studies [15] . To that end we apply an extension of the (t, t ) method, termed the (t, t , t ) approach [19] . Our proof supports the result of [11, 15] provided that the laser frequency is larger than the molecular rotational frequency and duration of the laser pulse is sufficiently long to satisfy the adiabatic condition as defined in [19] .
The full Hamiltonian in the extended (t, t ) formalism
The Hamiltonian is expressed within the framework of an extended version of the (t, t ) formalism [20] , termed the (t, t , t ) method, which was formulated [19] in order to identify an adiabatic theorem for time-dependent open systems. Following the (t, t , t ) formalism, the time-dependent Schrödinger equation is replaced by the partial differential equation,
where T N ∝ Q and H el ( q) are the nuclear kinetic energy and the bare molecule electronic Hamiltonians, respectively. The collective vectors q and Q stand for the electronic and nuclear coordinates in the space-fixed (SF) coordinate system, respectively. Since,
=t for any analytical function and hence (t) = (t, t = t, t = t) is the solution of the conventional time-dependent Schrödinger equation.

The slowly varying envelope approximation
Restricting attention to the domain of validity of the Born-Oppenheimer approximation, we have that the ground electronic potential energy surface (potential energy curve in the case of a diatomic molecule) serves as a potential term in the nuclear equation of motion. It has been shown in [19] that for a time-dependent Hamiltonian the −ih∂/∂t term in equation (5) takes the role of the T N term in the Born-Oppenheimer approximation if the pulse is long compared to the optical cycle. The slowly time varying envelope approximation is valid [19] when the pulse envelope ε(t) supports a large enough number of optical cycles for the fundamental laser frequency ω to dominate and for crossings of quasi-energies associated with different eigenvalues of the Floquet operator, −ih
c.]· q to be avoided. In practice this condition is satisfied when the duration of the laser pulse is longer than about five periods [19] (but clearly excludes studies of half cycle pulses [21] ).
Born-Oppenheimer-like approximation for time-dependent Hamiltonians
The solution of equation (5) in SF coordinates can be written within a Born-Oppenheimer-type approximation as
where,
and,
Here t serves as an additional coordinate [20] that ranges from t = 0 to t = N opt T where T = 2π/ω. The expectation value of an operator O is defined as |O| , where
Since H el is periodic in the t -coordinate and t serves as an adiabaticity parameter, we have that φ( q, t ; Q, t ) = φ( q, t + T ; Q, t ). Therefore, when O is either a time-independent operator or a time periodic operator with periodicity T, one can select N opt = 1. As in the standard Born-Oppenheimer approximation, equation (9) holds when φ| ∇ 2 Q |φ and φ| ∇ Q |φ are negligible. Unlike the case of timeindependent Hamiltonians, where the second term vanishes, in the case of an ac field this term oscillates at the optical frequency and is thus non-negligible unless ω is large as compared to the nuclear motion frequencies [18] . When the molecule moves on an adiabatic electronic potential energy surface while the vibrations can be labelled by a set of good vibrational quantum numbers, the Born-Oppenheimer-like approximation holds provided that ω is larger than the rotational frequencies.
The nuclear function χ describing the molecular alignment is analytically expressible within the (t, t , t ) formalism,
where E( Q, t ) is the adiabatic quasi-energy surface that reduces to the field-free molecular ground state potential energy surface as the laser field is turned off. The initial state, χ( Q, t = 0), is an eigenfunction of the time-independent Born-Oppenheimer fieldfree Hamiltonian. Earlier work proved that the time evolution operator as defined in equation (10) is exact for general time-dependent Hamiltonians [20] . Hence the timedependent wave packet χ( Q, t) is the solution of the conventional time-dependent nuclear equation of motion,
With the set of assumptions defined, we proceed to derive the form of the induced dipole Hamiltonian. To that end we express the quasi-energy potential energy surface, E( Q, t ), in terms of the molecular polarizability tensor (see equations (1)) by developing a perturbative Floquet-type expansion. The zero-order Floquet operator is defined as
and the perturbation is defined as the molecule-field interaction term, written in the electric dipole approximation within the length gauge as
(see equation (3)). In equation (13) the perturbation variables are q and t , whereas t is an adiabaticity parameter. The (t, t , t ) perturbation analysis. The eigenfunctions and eigenvalues of the zero-order Floquet-type operator are given by
and
respectively, where ψ F F i ( q; Q) and F F i ( Q) are the field-free molecular wavefunctions and eigenvalues within the Born-Oppenheimer approximation. Note that the zero-order quasienergy eigenvalues are independent of t . As the initial (time-independent) state we take
The zero-order ith quasi-energy, given by
initial , is equal to the bare molecular potential energy surface in the laboratory (SF) frame,
The first-order correction term to E( Q, t ) vanishes,
irrespective of the permanent dipole moment. It expresses the fact that a truly alternating current (ac) field aligns, but does not orient molecules (as it preserves the z → −z symmetry of free space).
The second-order term in the expansion of the exact quasi-energy corresponding to the ground state is given by
where the symbol n implies that n = 0 if i = 0 in the first summation. Here we use the conventional second-order perturbation expression as derived for time-independent systems, since the Floquet operator depends on the electronic coordinates and on t , which serves as a coordinate (to be distinguished from the t-parameter that stands for time as in the ordinary timedependent Schrödinger equation). By substituting equations (13) and (14) into equation (19) and treating t as an additional coordinate such that
where α( Q, ω) is the polarizability tensor, expressed in terms of the SF coordinates,
The transformation of equation (21) to the body-fixed frame is readily carried out, as discussed in the introduction. Up to second order in the perturbative expansion of E( R, t) we thus have E( R, t) = E (0) ( R) + E (2) ( R, t) , where R = R Q stands for the body-fixed (BF) coordinates, E (0) ( R) = 
Our results are thus in full agreement with the derivation of [11, 15] . However, it is useful to restate in concluding that equation (22) holds under the conditions that the laser pulse is sufficiently long to satisfy the adiabaticity condition given in [19] and the frequency is larger than the molecular rotational frequencies.
